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Toeplitz matrices have entries that are constant along diagonals. They model directed
transport, are at the heart of correlation function calculations of the two-dimensional Ising
model, and have applications in quantum information science. We derive their eigenval-
ues and eigenvectors when the symbol is singular Fisher-Hartwig. We then add diagonal
disorder and study the resulting eigenpairs. We find that there is a “bulk” behavior that
is well captured by second order perturbation theory of non-Hermitian matrices. The non-
perturbative behavior is classified into two classes: Runaways type I leave the complex-
valued spectrum and become completely real because of eigenvalue attraction. Runaways
type II leave the bulk and move very rapidly in response to perturbations. These have
high condition numbers and can be predicted. Localization of the eigenvectors are then
quantified using entropies and inverse participation ratios . Eigenvectors corresponding to
Runaways type II are most localized (i.e., super-exponential), whereas Runaways type I are
less localized than the unperturbed counterparts and have most of their probability mass in
the interior with algebraic decays. The results are corroborated by applying free probability
theory and various other supporting numerical studies.
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I. TOEPLITZ AND TOEPLITZ-LIKE MATRICES
A. Applications of Toeplitz matrices
Since their eigenvalues are real, traditionally in sciences one usually studies models that are Hermitian. In
recent years, however, non-Hermitian models have emerged that capture the nature of various problems in fluid
and plasma physics [1, ref. therein], in biology [2, review] and non-Hermitian integrated photonics [3].
A canonical class of non-Hermitian matrices arising in applications are Toeplitz matrices. A Toeplitz matrix is
any square matrix whose entries are constants along diagonals (Eq. (2)). Since the value of their entries depend
on their distance from the diagonal, Toeplitz matrices model directed transport or propagation of information
with strengths that vary with distance. There are numerous examples of applications of Toeplitz matrices in
condensed matter physics, entanglement theory, electrical engineering and chemical physics [4–9]. The spin-
spin correlation function of the two dimensional Ising model on a square lattice can be written as a Toeplitz
determinant [6, 10, 11]. “Non-Hermitian quantum mechanics,” was a phrase coined by Hatano-Nelson [12] and
later developed by [13–15], for an effective theory that describes the pinning of vortices in superconductors of
the second type [12]. Moreover, in pure mathematics, Toeplitz operators are useful for proving index theorems
in the framework of non-commutative geometry [16, 17].
The spectral properties of Toeplitz matrices have fascinated mathematicians and numerical linear algebraists
[1, 18]. Because of their non-hermiticity the eigenpairs can show rich sensitivity to perturbations. This has
inspired development of new mathematics, most notably pseudo-spectra theory [1, 19]. The surprising new
features of non-symmetric matrices, compared to Hermitian matrices, are quite counter-intuitive. Some new
mathematical features are presented in this work as well.
Toeplitz matrices are generated by a complex function called the symbol (see the following section). The
functional form of the symbol, such as its singularities, has direct physical implications. For many applications,
the asymptotic behavior of the determinant of the Toeplitz matrix is of fundamental importance. For smooth
symbols Szegö’s theorem gives the asymptotic determinant [20]; however, if the symbol contains singularities
such as jumps or zeros, the asymptotic determinant is given by the Fisher-Hartwig theory [4]. The latter is not yet
fully understood and has many surprising new features. These matrices have applications in physics [21] and the
original conjectures led to various mathematical developments ultimately leading to the proof of Fisher-Hartwig
conjectures [22–28].
Toeplitz matrices have various applications in physics. In quantum information theory, the entanglement
3entropy quantifies the entanglement content of a state and for translationally invariant (i.e., Toeplitz) systems the
entanglement properties of the model are encoded in the symbol [29]. It turns out that, in order to understand the
correlation and entanglement of such systems, one needs to grasp the spectral properties such as the determinant.
The idea first appeared in the context of the XX model [5]. The discontinuities of the symbol define the Fermi
surface and the Fisher-Hartwig analysis provides the tools needed for understanding the asymptotic behavior of
the determinant [29, p.7 and appendix]. For more general isotropic models, the number of jumps in the symbol
was argued to be related to the pre-factor in the entanglement scaling in the conformal charge of the underlying
conformal field theory [9]. When there is no Fermi surface, there is no jump in the symbol and the system is
gapped and non-critical and the system obeys an area law. However, the discontinuity in the symbol makes the
system critical and the entropy becomes logarithmically divergent [5, 9, 29, 30].
A natural question to consider is what happens to the rich properties of the singular Toeplitz matrix in the
presence of perturbations? For example, the tight binding model [31] is an example of a (symmetric) Toeplitz
matrix with the symbol a (z) = z+ 1/z. Anderson showed that the eigenstates become localized when one adds
random onsite potentials, i.e., a random diagonal matrix [32]. M. Kac introduced Toeplitz-like matrices in the
context of lattice vibrations where masses on a one dimensional chain of harmonic oscillators are random [33].
In mathematics, structured perturbation of Toeplitz matrices were studied [1, 19].
In this work we study Toeplitz matrices with singular Fisher-Hartwig symbols. We first derive the asymp-
totic form of the eigenvalues and eigenvectors from Wiener-Hopf factorization. The derivations herein provide
improvements and corrections to our earlier work [34]. In particular, the left eigenvectors are shown to have
norms that can be much greater than unity despite standard eigenvectors being normalized. We then analyze the
eigenpairs in the presence of “onsite” disorder, i.e., adding a diagonal random matrix. In doing so we draw from
mathematical tools of numerical linear algebra, analysis, non-Hermitian perturbation theory and condensed
matter physics.
B. The Toeplitz structure
Following [24] we introduce an n × n Toeplitz matrix Tn as a matrix with coefficients (Tn)jk = tj−k, 0 ≤
j, k ≤ n− 1, for some given sequence {t`}`∈Z. And Dn (Tn) denotes the determinant of a Toeplitz matrix Tn. Let
s = {z ∈ C : |z| = 1} be the unit circle. A symbol a (s) is an integrable function on the unit circle with Fourier
coefficients
t` ≡ 12pi
∫ pi
−pi
e−i`pa
(
e−ip
)
dp, ` ∈ Z. (1)
=
1
2pii
∮ a (z)
z`+1
dz
The associated Toeplitz matrix Tn (a) and Toeplitz determinant Dn (a) are
Tn (a) =
{
tj−k
}
0≤j,k≤n−1
Dn (a) = det Tn (a) .
Incidentally Hankel matrices are of the form
{
tj+k
}
0≤j,k≤n−1 . Toeplitz and Hankel matrices are finite sections of
closely related Toeplitz and Hankel operators, where 0 ≤ n < ∞ [24, Section 1]. The extension of a Toeplitz matrix
4to the case where −∞ < n < ∞ is called the Laurent operator.
The matrix form of Tn is
Tn (a) =
{
tj−k
}
0≤j,k≤n−1→

t0 t−1 t−2 · · · t−(n−1)
t1 t0 t−1
. . .
...
t2 t1 t0
. . . t−2
...
. . . . . . . . . t−1
t(n−1) · · · t2 t1 t0

(2)
The symbol, defined above, of a Toeplitz matrix or Toeplitz operator or Laurent operator is the generating func-
tion
a (z) =
n−1
∑
k=−(n−1)
tkzk .
A circulant matrix is a finite dimensional analogue of a Laurent operator, in which the entries of the Toeplitz
matrix wrap around periodically, i.e., ti = t−(n−i). We define spec (M) to be the spectrum (i.e., collection of
eigenvalues) of M and ν (λ, a) to be the winding number of a (s) about the point λ. In this work we are only
concerned with matrices, but for the sake of concreteness we summarize what is known about the spectral prop-
erties in the table below, which is taken from the book by Trefethen and Embree [1, Theorem 7.1]. In this table,
sN =
{
z ∈ C : zN = 1} is the subset of s that corresponds to the roots of unity.
Spectra of Toeplitz and Laurent Operators
Let T be a circulant matrix or Laurent or Toeplitz operator with continuous symbol a.
(i) If T is a circulant matrix, then spec (T) = a (sN)
(ii) If T is a Laurent operator, then spec (T) = a (s)
(iii) If T is a Toeplitz operator with symbol continuous on s, then spec (T) is equal to a (s)
together with all the points enclosed by this curve with nonzero winding numbers
To better appreciate (iii), let T have a continuous symbol a(z) and let λ ∈ C be any number with ν (λ, a) < 0.
Then λ ∈ spec (T) and is actually an eigenvalue of T with an eigenvector |ψ〉 = {ψj}whose amplitude decreases
as j → ∞; if a is a rational function then the decrease is exponential. These are called boundary eigenvectors or
boundary eigenmodes. Similarly, if ν (λ, a) > 0, T does not have boundary eigenmodes, but its transpose T>
does; T> is also a Toeplitz operator with the symbol a
(
z−1
)
. This implies that λ ∈ spec (T). For Tn, i.e., n× n
Toeplitz matrix with the same symbol curve, ν (a,λ) < 0, ν (a,λ) > 0 correspond to eigenmodes attached to the
left and right boundaries respectively (see [1, Chapter 7] for a detailed discussion).
In earlier applications, such as correlation function calculations of two dimensional Ising model, the asymp-
totic Toeplitz determinant was the main object of study. In the case that a (z) is smooth, this determinant is given
by Szegö’s theorem. If the symbol contains singularities such as zeros or jumps, it is given by Fisher-Hartwig
theory [24, 25, 28].
Below we only consider the n× n Toeplitz matrix and drop the subscript n on T for notational simplicity.
5C. Fisher-Hartwig symbols
The story of Toeplitz matrices is intertwined with the problem of two dimensional Ising model (See [24] for an
overview). Fisher and Hartwig [4] introduced a class of singular symbols for Toeplitz determinants. The symbols
of Fisher-Hartwig have the following general form [24, Section 6]
a (z) = eV(z)z∑
m
j=0 β j
m
∏
j=0
∣∣z− z¯j∣∣2αj gzj,β j (z) z¯−β jj ; (3)
z = e−ip, 0 ≤ p ≤ 2pi
for some m = 0, 1, 2, · · · , where
z¯j = e−ipj , j = 0, 1, . . . , m 0 = p0 < p1 < · · · < pm < 2pi,
gzjβ j(z) ≡ gβ j (z) =
{
eipiβ j , 0 ≤ arg z < pj,
e−ipiβ j , pj ≤ arg z < 2pi
Re αj > −12, β j ∈ C, j = 0, 1, 2, . . . , m,
and V
(
e−ip
)
is a sufficiently smooth function on the unit circle. The condition on Re αj ensures integrability.
This symbol is of fundamental importance for analysis of Toeplitz matrices in general. Previously [34, 35]
investigated the particular Fisher-Hartwig symbol (see Fig. 1)
aα,β (z) = (−1)α+β
(
z− 1
z
)2α
zβ =
(
2− z− 1
z
)α
(−z)β . (4)
On the unit circle z = e−ip, the factor (−z)β has a jump discontinuity and (2− z− 1z )α = (2− 2 cos p)α is a
function that may have a zero, a pole, or a discontinuity of oscillating type.
The elements of the Toeplitz matrix are related to the Fourier transformation of the symbol by
tj,k = tj−k =
∫
s
dz
2pii
a (z)
zj−k+1
= (−1)β+α
∫
s
dz
2pii
(z− 1)2α
zj−k−β+α+1
. (5)
We demand integrability, i.e., Re (α) > −1/2. After integration of Eq. (5) and ignoring an overall constant
multiple of (−1)α+β exp [ipi (α+ β)]; i.e., choosing the trivial root, we have
tj−k = (−1)j−k Γ (2α+ 1)Γ (α+ β+ 1− j + k) Γ (α− β+ 1+ j− k) , (6)
where we used the generalized binomial theorem for (z− 1)2α to perform the integral.
6Below we shall use the following properties of the Gamma functions
Γ (n + 1) = nΓ (n)
Γ (−x) = −pi
xΓ (x) sin (pix)
Γ (e− n) = (−1)n−1 Γ (−e) Γ (1+ e)
Γ (n + 1− e)
lim
n→∞
Γ (n + α)
Γ (n) nα
= 1.
Because of the Toeplitz structure, it is sufficient to specify the first row and first column of T to fully specify
the matrix. Using these identities, Eq. (5) becomes
t−k =
Γ (2α+ 1) sin (pier)
pi
Γ (k + 1− er)
Γ (k + ec)
, er ≡ α− β+ 1
tj =
Γ (2α+ 1) sin (piec)
pi
Γ (j + 1− ec)
Γ (j + er)
, ec ≡ α+ β+ 1.
Let r ≡ j− k, then the limits of Eq. (6), ignoring terms of order O
(
1/r2(α+1)
)
and higher, are
lim
r1
t (r) =
Γ (2α+ 1)
pir2α+1
sin [pi (α+ β)]
{
1+O
(
1
r
)}
lim
r−1
t (r) =
Γ (2α+ 1)
pi |r|2α+1 sin [pi (α− β)]
{
1+O
(
1
r
)}
.
For α = 1/3 and β = −1/2 the foregoing equations show that the entries of T decay algebraically away from
the diagonal with super-diagonals being negative and sub-diagonals positive.
D. Outline and summary of the main results
The theory of Toeplitz matrices is well developed [1, 34]. When the symbol is singular and the Toeplitz matrix
is finite, often analytical results are lacking. In Section II we derive the eigenpairs of Tn with the symbol (4).
Namely, we analytically derive formulas for the eigenpairs of the finite Toeplitz matrix with a singular Fisher-
Hartwig symbol, which extends and improves the previous work [34].
The randomly perturbed, non-symmetric, Toeplitz matrix is rarely considered. Suppose we add diagonal
disorder to the Toeplitz matrix; Mark Kac called such matrices Toeplitz-like [33]. We consider
T (σ) ≡ T + σV
where T is as above, V is a diagonal random matrix and σ is some real parameter that quantifies the strength of
the perturbation. In Section II we focus on σ = 0 and in Section III we extend our work to 0 ≤ σ < ‖V‖ / ‖T‖,
where σV is seen as a perturbation of T. The eigenvalues of the perturbed Toeplitz matrix are classified into three
categories:
1. The Bulk eigenpairs (Subsection III A): The eigenpairs are well approximated by the second order pertur-
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Figure 1: Image of the symbol a (s) given by Eq. (4) for various α, β. Left: α = 1/3 and β is varied. Right: β = 2 and α is
varied.
bation theory of non-Hermitian matrices, which we calculate analytically.
2. Runaways type I (Subsection III B 1): First class of nonperturbative eigenpairs. The eigenvalues that are
initially near the real line, become exactly real in response to small perturbations.
3. Runaways type II (Subsection III B 2): Second class of nonperturbative eigenpairs. The eigenvalues are all
ill-conditioned and move substantially in the complex plane in response to small perturbations. There are
a number of related conjectures that we list in Subsection III B 2 .
The corresponding eigenvectors also fall into the same three classes. In Section IV, we show a correspondence
between the eigenvalues and eigenvectors. We denote the jth component of the `th eigenvectors by ψ`j . We call
the j = 0 component of any eigenvector its boundary and 0 j n the interior. We summarize our findings in
the following table:
Eigenvalues Eigenvectors
σ = 0 For n large: Approximately the image of the symbol ψ`j ∝ exp
(
ip` j
)
; p` = 2pi`/n + i(2α+ 1) ln n/n
Bulk: Second order perturbation theory Exponential decay: maximum at the boundary
σ > 0 Runaways type I: Attraction of complex conjugates Algebraic decay: maximum in the interior
Runaways type II: Large condition numbers Super-exponential decay: maximum at the boundary
Remark 1. In our numerical work below, for the sake of concreteness, we make the choice of α = 1/3 and
β = −1/2 so the various plots and arguments are comparable. This particular choice of α and β is explained in
the following section and was previously used [34].
Remark 2. In the plots, the vertical is the imaginary and the horizontal is the real axis respectively unless stated
otherwise. All of the simulations and plots were done in MATLAB.
8II. NO DISORDER σ = 0
A. Eigenvalues
The spectrum of a Laurent operator whose entries tj−i are defined for −∞ < j− i < +∞ is exactly the image
of the symbol a
(
e−ip
)
, where p ∈ [−pi,pi). This is easily seen if one looks at the Fourier representation of T (recall
it is translationally invariant). The problem is more complicated for the semi-infinite and even more difficult for
the finite sections where −n ≤ j− i ≤ n.
There is a large literature on finite sections of Toeplitz operators as n → ∞. In particular, singular values
converge to their infinite dimensional counterparts but the eigenvalues may not [1, p. 61]. However, in the limit
n → ∞, for many classes of symbols, the spectra approach the image of the symbol on the unit circle [23]. For
example symbols containing a single jump discontinuity belong to this class [23]. In [34] it was shown that the
eigenvalues of T are distributed according to a
(
exp
(−ip`)), where the real parts of p` are uniformly distributed
on the interval [0, 2pi). In Fig 1, we show the qualitative dependence of the image of the symbol (Eq. (4)) on α
and β.
A challenge in studying the eigenvalues of a general Toeplitz matrix is the non-Hermiticity. First, the eigenval-
ues are in general complex and a priori one does not have a natural way of ordering and labeling them. Second
the eigenvectors cannot be taken to be an orthonormal set and one has to carefully analyze the left eigenvectors
as well. The latter can have arbitrary norms rendering ill-conditioned and nonperturbative behavior as we will
show.
For the n × n Toeplitz matrix in Eq. (6), for large n, it was shown that the "momenta", eigenvalues and
eigenvectors respectively are [34, 36]
p` =
2pi`
n
+ i (2α+ 1)
ln n
n
+O (1/n) , (7)
E` = a
(
exp
(
−ip`
))
+ o (1/n) (8)
ψ`j ∝ exp(ip
` j), (9)
where j refers to the jth component of the eigenvector. In these works the semi-infinite Toeplitz matrix (i.e.,
j = 0, · · · ,∞) was used to analytically derive Eqs. (7-9). It was then argued that in the finite case and for
sufficiently large n in the regime 0 ` n, the eigenpairs are well approximated by the semi-infinite results.
Note that in Eq. (7), p` has a small imaginary part which for 0 jn  1 produces an exponential decay of the
wave-function ψ`j as j/n increases. Hence the eigenfunctions are localized and have their maxima near j = 0. It
is also important to notice that p`’s are roughly equally spaced (see Fig. 2)
In [34] using a quasi-particle picture analogous to Landau’s Fermi-liquid theory it was argued that difference
of p values, away from the two ends, is nearly constant and independent of `. That is, p`+1 − p` ≈ 2pin , for all
` (Fig. 2). One pictures eigenfunctions with momenta that increase by 2pi/n; one wants to fit in a wavelength
as ` increases by one. To illustrate this in Fig. 2, we plot the real and imaginary parts of p`+1 − p` by first
extracting the eigenvalues using numerical exact diagonalization in MATLAB. We then solve for p`’s that are
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Figure 2: Real and imaginary parts of p`+1 − p` for the Toeplitz matrix T (Eq. (6)) of size 160 with α = 1/3 and β = −1/2.
As discussed in the text, this difference is nearly constant away from the boundaries, where 0 jn  1.
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Figure 3: The eigenvalues of the finite Toeplitz matrix T (Eq. (6)) with α = 1/3 and β = −1/2 along with the image of the
symbol for various sizes of the matrix n. We put arrows to show winding of a (z).
implicit function of E`’s via Eq. (4) using the MATLAB function solve 1.
Remark 3. As mentioned above, it is not a priori clear how one should index the eigenvalues. We found that
the best way is to order them according to the real part of p`. In the following plots the individual eigenvalues
and their corresponding eigenvectors have been labeled for a close analysis. These labelings are in one-to-one
correspondence with increasing order of the real part of p` (Eq. 7) and play a central part in our analysis.
The actual spectrum of the finite Toeplitz matrix lies inside the image of the symbol [27, 34, 36]. Therefore, in
this subsection we take n  1 and think of the eigenvalues {E1, E2, · · · , E`, · · · , En} as being close to yet inside
aα,β
(
eip
)
(Fig. 3).
1 In passing α and β in Eq. (4) into solve we had to use the function num2str which converts a number into a string with roughly 4 digits
of precision. Because of the exponential dependence on p`’s this can cause jitters in the values of p` in the plots shown in Fig. 2. To fix
it one can change the precision by using num2str (α, 16) to get 16 digits of accuracy in the value of α. Similarly for β.
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Starting from Eq. (4) and using z = exp (−ip), the rate of change of the symbol with p can be calculated
daα,β (z)
dp
= −
(
α tan
p
2
+ iβ
)
aα,β (z) .
where, to be explicit, we put the subscripts α and β on the symbol. This equation, in principle, shows the variation
of the eigenvalues with p in the infinite case. In particular, recall that p is uniform on [0, 2pi), and assume that the
image of the symbol is some bounded region in the complex plane. We see that the eigenvalues aα,β (exp (−ip))
are far less dense when p ≈ pi because tan (p/2) diverges and nearby eigenvalues get pulled apart arbitrarily
fast; this can be seen near the origin in Fig. 3.
We drop the subscripts α and β when the symbol is given by Eq. (4). We now calculate E` in Eq. (8). Since
a(z) in Eq. (4) is equal to
a(z) = (z− 1)2αzβ−α exp [−i(α+ β)pi]
ignoring ln n/n terms we have
E` ≈ (−1)β4α sin2α
(
pi`
n
)
exp (−2ipiβ`/n) (10)
Comment: Plot of the foregoing equation agrees well with the exact eigenvalues of T.
B. Eigenvectors
The eigenvalues of the Toeplitz matricies we consider are simple. Consequently, the matrices are not defective
and the standard eigenvectors (also called right eigenvectors) are linearly independent. Denote by |ψ`〉 and 〈ψ˜`|
the right (standard) and left eigenvectors of the eigenvalue E` respectively. The eigenvalue equations are:
T |ψ`〉 = E` |ψ`〉 (11)
〈ψ˜`| T = E` 〈ψ˜`| . (12)
Note that the eigenvalue is the same in both equations. We normalize the eigenvectors such that || |ψ`〉||2 = 1
for all `. Let the n× n matrix Ψ = [ |ψ1〉 |ψ2〉 · · · |ψn〉 ] have columns that are the right eigenvectors, which is
invertible because the spectrum is simple. Then the `th left eigenvector, 〈ψ˜`|, is the `th row of Ψ−1.
Below for simplicity we sometimes denote the jth component of |ψ`〉 and 〈ψ˜`| by ψ`j and ψ˜`j respectively,
where j ∈ [0 . . . n− 1].
Taking the transpose of Eq. (11) we obtain ∑j
(
ψ`
)>
j tji = E
`
(
ψ`
)>
i , which implies that
(
ψ`
)> is a left eigen-
vector. But because of the Toeplitz structure, the components of the `th left eigenvector, denoted by ψ˜`j , are
proportional to
ψ˜`j ∝ ψ
`
n−j−1.
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We build a dual basis from the left eigenvectors that is
〈ψ˜`|ψk〉 = δ`,k, (13)
where δ`,k is the Kronecker delta. This implies that the components of an left eigenvector are
ψ˜`j = c
`ψ`n−j−1 (14)
c` ≡
(
n−1
∑
j=0
ψ`n−j−1 ψ
`
j
)−1
,
where c` is a normalization that ensures Eq. (13). These will be used later and especially in Section III.
Remark 4. Normality of the standard eigenvectors and Eq. (13) make it necessary to include c`’s in the analysis.
This important point which was missed in the earlier work [34] is directly responsible for ill-conditioned behavior
leading to high sensitivity of eigenvalues to perturbations. This underpins the non-perturbative behavior of
Runaways type II’s.
Comment: For normal (e.g., Hermitian) matrices the matrix Ψ can be taken to be unitary and 〈ψ˜| = |ψ〉†,
which among other things implies that ||〈ψ˜| ||2 = 1. However, for non-normal matrices (e.g., the Toeplitz matrix
T), ||〈ψ˜| ||2 can be arbitrary large; i.e., right and left eigenvectors can become almost orthogonal [1].
The starting point for analytically understanding the bare (σ = 0) Toeplitz matrix is to derive its eigenvectors
from which p` can be inferred (i.e., Eq. (7)); the real part is 2pi`/n as described above. We now analytically solve
for the eigenvectors of T.
1. Eigenvectors from Wiener-Hopf method
The Wiener-Hopf method is tailored for solving equations of type ∑Ni=0 cN−ixi = bN , without explicitly calcu-
lating the inverse of the Toeplitz matrix, where N ≥ 0, c and b are known vectors and x is the unknown vector.
The method is mostly used for integral equations; however, the discrete version has been used in statistical
physics, especially in calculation of magnetization in the two dimensional Ising model [6, Chapter IX].
In this section we mainly summarize, improve and extend the previous work [34]. We are interested in the
finite section method (see [27]) and will use the Wiener-Hopf method. The requirements for Wiener-Hopf factor-
izing break down for the Fisher-Hartwig singular symbol when α 6= 0. It was nevertheless argued by McCoy and
Wu (also see [34]) that the technique can be employed with the appropriate definition of the winding number
to obtain the eigenvectors when the symbol is only continuous, yet non-analytic, with appropriate analyticity
properties away from the unit circle (see below).
The translationally invariance of the Toeplitz matrix implies that the eigenvalue problem is of Wiener-Hopf
type
n
∑
j=0
Wi−jψ`,+j = 0 i ≥ 0 (15)
n
∑
j=0
ψ˜`,+j Wj−i = 0 i ≥ 0
12
where W = T − E`I with I being the identity matrix of size n, and we inserted a “+” sign to emphasize the
vanishing of ψ`j for j < 0. In these equations, had the indices of the Toeplitz matrix been doubly infinite (−∞,∞),
the equations would easily be solved using Fourier expansions; the semi-infinite sum makes the problem harder.
The actual sum runs up to n, but for large n the properties are well approximated by the semi-infinite case,
though the convergence may be non-uniform. The spectrum of the Toeplitz matrix is inside the convex hull
of the image of the symbol (see Fig. 3) [27]. Therefore in this subsection we take n  1 and the eigenvalues{
E1, E2, · · · , E`, · · · , En} will be close to, yet inside, a (eip).
In what follows, we focus on the right eigenfunctions and use Wiener-Hopf method following the exposition
of McCoy and Wu [6] and [34]. We then obtain the left eigenvectors using Eqs. (13) and (14). For the convergence
of expansions below we assume
∞
∑
j=0
|ψ`,+j | < ∞,
∞
∑
j=−∞
|Wj| < ∞.
To make use of Fourier expansion, we need to extend the summation index in Eq. (15) from below to −∞ and
demand uniform convergence as before. Let Θ denote the Heaviside function and let
ψ`,+j = 0 i < 0 ,
ψ`,−i = Θ (−i)
∞
∑
j=0
Wi−jψ`j
be the contribution of the i < 0 terms and set Θ (0) = 1; in our case this contribution vanishes at i = 0 as well.
We can formally rewrite Eq. (15) as
∞
∑
j=−∞
Wi−jψ`,+j = ψ
`,−
i i ∈ Z .
The left hand side is a discrete convolution, therefore a Fourier series representation gives
W (z) Ψ˜`,+ (z) = Ψ˜`,− (z) (16)
where z = eiθ andW (z) = a (z)− E` is the Fourier representation of Wi−j. Note that the problem has become an
algebraic equation.
At the first sight it seems like we complicated the problem by introducing a second unknown Ψ˜`,− (z); how-
ever Wiener-Hopf factorization resolves this.
Note that Ψ˜`,+ (z) yields a Taylor series expansion (i.e., of the form∑n≥0 aizi with∑i≥0 |ai| < ∞). Such a Taylor
series (i.e., sum with i ≥ 0) defines what are called “+” functions that are analytic for |z| < 1 and continuous for
|z| ≤ 1.
Similarly Ψ˜`,− (z) for |z| = 1 can be expanded in Laurent series of the form ∑i<0 aizi with absolutely conver-
gent coefficients. Such an expansion defines a “−” function that is analytic for |z| > 1 and continuous for |z| ≥ 1
and approaches zero as z→ ∞ [6].
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The continuity of lnW (z) is equivalent to having a non-vanishing winding number defined by
ν =
1
2pii
{
lnW
(
e2pii
)
− lnW
(
e0i
)}
.
Suppose W (z) has a winding number ν. Then the winding number of ln (z−νW (z)) is zero. Recall that for
the finite Toeplitz matrix the eigenvalues are in the convex hull of the image of the symbol; therefore, one can
meaningfully assign winding numbers about any point in the convex hull. For 0 < β < 1 the winding number
is ν = +1 and for −1 < β < 0, it is ν = −1 [34, 35].
If ν 6= 0, the analyticity of Ψ˜`,+ (z) and Ψ˜`,− (z) can be used to factorize z−νW (z) for |z| = 1 as
z−νW (z) = e−G−(z)e−G+(z), (17)
where
G+ (z) = −
[
ln
(
z−νW (z))]+
G− (z) = −
[
ln
(
z−νW (z))]− .
When is the factorization in Eq. (17) possible? The factorization is guaranteed whenever the corresponding
Toeplitz operator is invertible [25]. More generally, this is guaranteed by the following two theorems.
Theorem. (Pollard’s) If a function f (z) is analytic inside and continuous on a simple closed contour C, then∮
C
f (z) dz = 0 .
This extends Cauchy’s theorem as f (z) is required to be only continuous and not necessarily analytic on C.
Let `∗ denote the space of all sequences that are Fourier series of all absolutely summable sequences.
Theorem. (Wiener-Levy) If W (eiθ) ∈ `∗ and if lnW (eiθ) is continuous when 0 ≤ θ ≤ 2pi, then lnW (eiθ) ∈ `∗.
Hence, if z−νW (z) is nonzero on the unit circle |z| = 1, then ln (z−νW (z)) can always be found such that it is
continuous for 0 ≤ θ ≤ 2pi and if further lnW (z) is continuous on the unit circle, it would have a Laurent series
expansion whose coefficients are absolutely summable.
So far the discussion has been general and applicable to general Toeplitz matrices. We now turn to our Toeplitz
matrix with a Fisher-Hartwig singular symbol.
The factorization is possible when W (z) does not have singularities or zeros on the unit circle and none at
zero and infinity. All of these break down with a Fisher-Hartwig symbol. But using Pollard’s theorem, McCoy
and Wu argued that the factorization works as long as z−νW (z) is continuous and not necessarily analytic on
the unit circle with appropriate analytic continuation away from the unit circle. In [34], it was shown that the
recipe covers 0 < α < |β| < 1, where
ν = −1 − 1 < β < 0
ν = +1 + 1 > β > 0
the latter contains only trivial solutions.
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From Eq. (16) and for |z| = 1, we find
e−G+(z)Ψ`,+ (z) = z−νeG−(z)Ψ`,− (z) ;
the left hand side is a + function and is analytic for |z| < 1 and continuous for |z| ≤ 1. The right hand side is not
necessarily a − function because of z−ν, though still analytic for |z| > 1 and continuous for |z| ≥ 1. So there is
an entire function F(z) such that
e−G+(z)Ψ`,+ (z) = F (z) |z| ≤ 1
z−νeG−(z)Ψ`,− (z) = F (z) |z| ≥ 1 .
Since, ν = −1, and the left hand side of the above equation is z−ν times a − function F (z) = ∑|ν|−1i=−∞ κizi = κ0 is a
constant. Substituting this in the foregoing equations, we find
Ψ`,+ (z) = κ0eG+(z),
where using Eq. (17), G+ (z) is
G+ (z) = − 12pii
∮
s
dz′
[ln (z′W (z′))]+
z′ − z .
Inside the natural log there is a factor of z′ because the winding number is ν = −1. That is, althoughW (z′) does
not possess a factorization, z′W (z′) does. This was evaluated in [34] and concluded that the eigenvectors have
components given by
ψ`j ∼ Az−j−1crit + B (j + 1)−(2α+1)
where a (zcrit) ≡ E` and A and B are constants depending on α, β and E` (see [34, Eq. 47]). It was then argued
that
z−ncrit ≈ n−(2α+1).
Since zcrit = a
(
e−ip`
)
, Im
(
p`
)
= Re (ln zcrit) = (2α+ 1) ln nn +O (1/n).
We are now in the position to calculate the eigenvectors and we obtain
ψ`j ∝ exp
[(
2pii`
n
− (2α+ 1) ln n
n
)
j
]
(18)
The normalized standard eigenvectors are
ψ`j ≈
√
2 (1+ 2α) ln n
n
exp
[(
2pii`
n
− (2α+ 1) ln n
n
)
j
]
. (19)
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This along with Eqs. (13) and (14) enable us to calculate the left eigenvectors
ψ˜`j = c
`ψ`n−j−1
c` ≡ n
2 (1+ 2α) ln n
exp
[
2pii`
n
+ (2α+ 1)
ln n
n
(n− 1)
]
.
Therefore, the left eigenvectors are
ψ˜`j ≈
√
n
2 (1+ 2α) ln n
exp
[
−
(
2pii`
n
− (2α+ 1) ln n
n
)
j
]
. (20)
Comment: One can easily verify that ∑n−1j=0 ψ˜
m
j ψ
`
j = δm,`.
As discussed at the beginning, for many applications the asymptotic (n→ ∞) behavior of the determinant of
the Toeplitz matrix are desired. For symbols given by Eq. (4), the determinant was explicitly calculated for n ≥ 1
if Re α > −1/2 with neither α+ β nor α− β being negative integers [28]. We now pause to point out that the
trace and the determinant of our Toeplitz matrix (Eq. (4)) evaluate to be
Tr (T) = n t0 =
n Γ (2α+ 1)
Γ (α+ β+ 1) Γ (α− β+ 1) (21)
Det (T) =
G (1+ α+ β) G (1+ α− β)
G (1+ 2α)
G (1+ n) G (1+ n + 2α)
G (1+ n + α+ β) G (1+ n + α− β) (22)
≈ G (1+ α+ β) G (1+ α− β)G (1+ 2α) n
α2−β2 ; n 1
where G is the Barnes G-function [37]. It is an entire function defined by
G (1+ z) = (2pi)z/2 e−(z+1)z/2−γz2/2Π∞n=1
{(
1+
z
n
)n
e−z+z
2/2n
}
,
where γ is Euler’s constant. Both the determinant and the trace are real numbers as expected since the entries of
T are real, and non-real eigenvalues appear in complex conjugate pairs.
III. PRESENCE OF DISORDER σ > 0
Consider the spectrum of T + σV, where V = diag (e1, e2, . . . , en) is considered a perturbation to T. For
example if ei are drawn independently and randomly from a standard normal distribution then the spectrum
can change in dramatic ways as shown in Figs. 4 and 5.
The eigenvalues of a perturbed matrix are continuous; i.e., their motion follows a connected path in the
complex plane as σ increases. This follows from the fact that eigenvalues are roots of a characteristic polynomial,
which itself is continuous and a theorem due to Rouché [38, Chapter 4 ].
Remark 5. In Fig. 4 we show the spectrum and its deformations with increasing σ for n = 512. However, to closely
couple the theory to the numerical work, for the rest of the figures we pick a working example with n = 160 and
a realization of randomness (for example Fig. 5). The conclusions that follow, we believe, do not depend on
a given realization of the disorder; rather the statements are generic. However, for the sake of coherence and
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Figure 4: Spectrum of T + σV for n = 512. V is a real diagonal matrix with standard normal entries. We take n large and σ
small such that the bulk properties of the original spectrum are retained, yet σ is large enough to produce notable runaways.
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Figure 5: Left: We show the eigenvalues of T + σV for various σ, where the parameters of the Toeplitz matrix T are taken to
be α = 1/3, β = −1/2 and with the size n = 160 . Right: For better contrast we show σ = 0 and σ = 0.5. In both plots note
that in addition to the runaways, there is a bulk compression of imaginary part of the eigenvalues with increasing σ. We
only show the most prominent pair of Runaways type II’s; however generically (even in this case) there are more, especially
for larger n as can be seen in Fig 4.
concreteness of the presentation, we found it helpful to work with a single seed of randomness and demonstrate
the various aspects of the theory in its context.
Remark 6. The parameter σ sets the strength of perturbation and is a smooth parameter. We think of E`(σ) as
the evolution of the `th eigenvalue with respect to σ, which we think of as “time.” This way we can track the
eigenvalues in the complex plane as will be evident in the following sections.
Before investigating the effect of disorder, we comment on three notable spectral features seen in Fig. 5:
First is the Bulk motion of the eigenvalues. The net motion of any eigenvalue results from its interaction with
all other eigenvalues. One sees in the Figs. 4 and 5 that majority of eigenvalues experience a compression of their
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imaginary parts as if complex conjugates pull each other in and that there is a stretching apart of the real parts.
The bulk motion is well captured by second order perturbation theory, which is discussed in subsection III A.
Second is the Runaways type I . These result from a strong attraction of complex conjugate eigenvalues close
to the real line (mostly on the right sector of the spectrum near the real axis). These eigenvalues approach one-
another until the attraction becomes strong enough that perturbation theory breaks down and complex conjugate
eigenvalues collide on the real line and generically become real and distinct thereafter. We denote these as
“type I” runaway eigenvalues, where the “type” refers to particular type of dynamics leading to breakdown of
perturbation theory. We discuss these Runaways in subsection III B 1.
Third notable feature is the Runaways type II eigenvalues. The second type of non-perturbative behavior of
some of the eigenvalues is exhibited by the ones that are relatively far from the real line and leave the bulk by
bulging into the inner part of the spectrum. This behavior as far as we know has not been observed previously
in models of non-Hermitian quantum mechanics and the literature of Toeplitz-like matrices. In subsection III B 2
we show that this behavior is due to large angles between the left and right eigenvectors, which results in large
norms of the left eigenvectors rendering ill-conditioning.
Recall that T(σ) = T + σV. Now the eigenvalues and eigenvectors are functions of σ as well. We denote by
|ψ`σ〉 and 〈ψ`σ| the left and right eigenvectors to eigenvalue E` (σ) respectively, if
T(σ) |ψ`σ〉 = E` (σ) |ψ`σ〉, (23)
〈ψ˜`σ| T(σ) = E` (σ) 〈ψ˜`σ|. (24)
One recovers Eqs. (11) and (12) by setting σ = 0 in Eqs. (23) and (24).
A. Perturbative regime: “Bulk” eigenvalues
The Toeplitz matrices under consideration have real entries. The non-real eigenvalues of a real matrix occur
in complex conjugate pairs (e.g., Fig. 1).
Proposition 1. Let T(σ) = T + σV, where V is a diagonal real matrix whose diagonal entries are random and drawn in-
dependently and identically from a distribution with mean zero. Then the expected first order corrections from perturbation
theory vanish and the expected second order correction is given by E(E`2) = n E
(
v2
)
∑j 6=`
(
E`0 − Ej0
)−1
.
Proof. The standard perturbation theory for the eigenvalues of Hermitian matrices does not suffice because the
Toeplitz matrix is not symmetric. However, one can use the right and left eigenvectors to generalize the standard
perturbation theory results to arbitrary orders; here we stop at the second order. The `th eigenpairs in the
presence of disorder have the following perturbation expansions
E` = E`0 + σE
`
1 + σ
2E`2 + · · · (25)
|ψ`〉 = |ψ`0〉+ σ |ψ`1〉+ σ2 |ψ`2〉+ · · · , (26)
where quantities with the zero subscript denote the eigenvalues of the unperturbed problem (i.e., no disorder),
that were analytically derived in Section II. Then, standard perturbation theory of non-Hermitian matrices (see
18
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Figure 6: Comparison of empirical eigenvalues E`σ (black dots) to E`0 + σ E
`
1 + σ
2 E`2 (curve shown in red). Second order
perturbation theory captures the bulk motion of eigenvalues. Starting at this figure, we number the eigenvalues based on
their p values as discussed above. See Fig. 7 for the statistical average of the second order perturbation theory.
for example Section 52 in [1, 39]) to second order gives
E`1 = 〈ψ˜`0| V |ψ`0〉,
E`2 = ∑
j 6=`
〈ψ˜0`| V |ψj0〉〈ψ˜0 j| V |ψ`0〉
E`0 − Ej0
. (27)
Since V = diag(v1, v2, . . . , vn) is diagonal and real, we find that
E
(
E`1
)
= E〈ψ˜`0| V |ψ`0〉 =
1
c`
n−1
∑
i=0
E (vi) ψ`0,iψ
`
0,n−i−1 = 0 (28)
E
(
E`2
)
= E∑
j 6=`
〈ψ˜0`| V |ψj0〉〈ψ˜0 j| V |ψ`0〉
E`0 − Ej0
= E∑
j 6=`
∑i,k vivkψ`0,iψ
`
0,n−i−1 ψ
j
0,kψ
j
0,n−k−1
E`0 − Ej0
= ∑
j 6=`
1
c`cj
∑i
{
E
(
v2i
)
ψ`0,iψ
`
0,n−i−1 ψ
j
0,iψ
j
0,n−i−1
}
E`0 − Ej0
, (29)
where we used independence E(vivk) = E(v2i )δi,k.
From Eqs. (19) and (20) we have
E
(
E`2
)
= E(v2)∑
j 6=`
n
E`0 − Ej0
.
It is remarkable that the dependence on the eigenvectors drops out and the eigenvalues dictate the expected
behavior to the second order in the presence of diagonal disorder.
Now by the arguments following Proposition 2 in [39], as long as the difference of the real parts is larger than
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Figure 7: The statistical dynamics of eigenvalues is captured by second order perturbation theory. Only here we denote
E (•) ≡ 〈•〉 for clarity. The left figure shows E0 + σ〈E2〉with σ = 0.3 . We have labeled every fourth point by their p values.
The figure on the right shows that statistically there is a compression along the imaginary axis and a stretch along the real
axis.
that of the imaginary parts, there is a compressive push towards the real line from any complex conjugate pair of
eigenvalues (i.e., Ej and Ej) on E` with a small net magnitude. Moreover, in [39] it was shown that eigenvalues
near the real line feel a push from other eigenvalues in the real direction. This explains the compression towards
and the stretching along the real axis of the spectrum.
Since perturbation theory only requires the knowledge of the unperturbed eigenpairs and the perturbation
matrix, we could directly calculate E`1 and E
`
2 for a given random diagonal perturbation matrix V. This way we
have directly computed E`0 + σE
`
1 + σ
2E`2 and can compare it with the eigenvalues of T(σ), denoted by E
`(σ),
obtained by numerical exact diagonalization. The calculation shows that the positions of the majority of the
eigenvalues in the complex plane are very well approximated by the second order perturbation theory.
We demonstrate this in Fig. 6, where the eigenvalues of T(σ) are obtained by exact diagonalization and
compared to
E`(σ) ≈ E`0 + σE`1 + σ2E`2,
for all 1 ≤ ` ≤ n. It is evident that, except for the runaways, second order perturbation theory successfully
captures the bulk motion of the spectrum. Therein, the compression along the imaginary axis and stretching
along the real axis of the spectrum is evident.
We next consider the expected motion of the eigenvalues in response to random diagonal perturbations.
Hence the expectation is take with respect to random V and we can quantify the success of perturbation theory
in an expectation sense. Since E(E`1) = 0 for all `, in Fig. 7 we compare the empirical eigenvalues with E
`
0 +
σ2E
(
E`2
)
. We find that perturbation theory, even in an expectation sense, is sufficient in accounting for the bulk
dynamics of the eigenvalues.
Remark 7. In Section II, we analytically solved the eigenvalues and eigenvectors of the unperturbed matrix. We
now leverage on these results. As discussed above, this knowledge along with the perturbation matrix V is
sufficient to carry out the perturbation expansion to any order. Since E(E`1) = 0, we analytically calculate E(E
`
2)
and obtain E`0 + σ
2E(E`2). This means that once E
`
2 is calculated, we take expectation with respect to the random
diagonal entries of V, which we take to be standard real normals. It is quite remarkable that the analytical calculation
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Figure 8: On the left: the perturbation is a real random diagonal and the right a complex random diagonal. Note that in
the latter the runaways move in random directions; moreover the symmetry with respect to the imaginary axis is broken.
of the expected values of first and second order corrections captures most of what happens to bulk eigenvalues in each
instance. Moreover, it proves the qualitative deformation of the spectrum as we now discuss.
Analytical calculation of E
(
E`2
)
given by Eq. (29) shows the imaginary compression and stretching along the
real axis of the spectrum by disorder. In Fig. 7 we label E`0 in one to one correspondence with calculated E
(
E`2
)
.
Note that the upper eigenvalues are pushed down and the lower ones pushed up; i.e., a compression along the
imaginary axis. Moreover, the eigenvalues with real parts to the right (left) of the center of the spectrum get a
positive (negative) real contribution, which shows that the spectrum becomes stretched along the real axis. These
explain the bulk features observed in numerical evaluation of eigenvalues of T(σ).
B. Non-Perturbative regime: “Runaway” eigenvalues
1. Runaways type I
Remark 8. Explanation of gray scales in figures : In figures such as Fig. 8, the magenta are the unperturbed
eigenvalues where σ = 0 and eigenvalues evolve to their final position σmax where they are shown in black. The
grey-scale shows the eigenvalues in the intermediate regime 0 < σ < σmax. In other words, they start as white
dots at σ = 0 which coincides with the magenta and reach their final (black) position at σmax. This depiction
captures the spectral dynamics with respect to σ on a static plot. Therefore, sometimes we refer to σ as “time”.
A general real matrix, under random real perturbations exhibits an attraction between any complex conju-
gate eigenvalues as proved elsewhere [39] . In [39] we did not rely from the onset on a Toeplitz structure nor
perturbation theory and worked directly with spectral dynamics theory.
Above we proved that E(E`1) = E〈ψ˜`0|V|ψ`0〉 = 0 for all `.
Proposition 2. Any complex conjugate pair of the eigenvalues of T + σV attract. Let V be a real diagonal matrix with
independently and identically distributed entries with zero mean, any of which is denoted by v. We have E (v) = 0, and
the expected second order correction in Eq. (27) is
E(E`2) = −i
n E
(
v2
)
2 Im
(
E`0
) .
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Proof. We proved complex conjugate attraction under much more general set of assumptions elsewhere [39]
and the problem at hand is a special case. From Eq. (27), dropping the subscripts 0 of eigenvectors with an
understanding that they are those of the Toeplitz matrix (σ = 0), we have
E
(
E`2
)
= ∑
j 6=`
∑m
(
ψ˜`mψ
j
mψ˜
j
mψ
`
m
)
E
(
v2m
)
E`0 − Ej0
. (30)
Suppose V is real, E
(
v2i
)
> 0 in the sum (Eq. (30)). Let us pick any E` in that sum and analyze the effect of
its complex conjugate on its motion. If E`0 and E
j
0 are a complex conjugate pair, then |ψ`〉 and |ψj〉 are complex
conjugates as well and we have (we explicitly insert the sum over m)
∑
m
ψ˜`mψ˜
j
mψ
j
mψ
`
m =∑
m
|ψ˜`m|2|ψ`m|2
and hence
∑m
(
ψ˜`mψ
j
mψ˜
j
mψ
`
m
)
E
(
v2m
)
E`0 − Ej0
= −i E
(
v2
)
∑m |ψ`m|2|ψ˜`m|2
2 Im
(
E`0
) = −i n E (v2)
2 Im
(
E`0
) , (31)
where we assumed that the entries have equal second moments. The last equality follows from Eqs. (19) and
(20). This is non-zero for real V, i.e., E(v2) 6= 0 if v ∈ R and E(v2) = 0 if v ∈ C (see Fig. 8).
Note that if Im
(
E`0
)
> 0, then the eigenvalue is pushed down along the imaginary axis as the right hand side
of Eq. (31) is a negative imaginary number. Further, if Im
(
E`0
)
< 0, then the right hand side of Eq. (31) is a
positive imaginary number and the eigenvalue is pushed up along the imaginary axis. This establishes that in
the summation Eq. (30) the complex conjugate pairs attract one another. Moreover, the eigenpairs close to the
real axis attract most strongly as Im
(
E`0
)
in the denominator of Eq. (31) will be smallest (see the right most part
of Fig. 5).
We make some comments on the context and corollaries to this :
1. Complex conjugate pairs of eigenvalues close to the real line attract one another until they collide on the
real line by becoming momentarily degenerate. See [39] for more general discussions. Generically such
collisions lead to so called an exceptional point, where the rank of the matrix decreases by one. However,
in our case we find that at the moment of collision the algebraic and geometric multiplicities are equal
and the matrix is invertible. This is further confirmed by continuity of eigenvectors and the low condition
number of the real eigenvalues observed immediately after the collision. In Fig. 9 see eigenvalues labeled
78, 79, 80, 81.
2. The numerator in Eq. (31) is proportional to n. Hence as the size of the matrices become larger, the
eigenvalue attraction becomes more dominant.
3. For majority of eigenvalues in the bulk and away from the real line, the contribution to E` from E`−1 and
E`+1 nearly cancel if E` is close to E`±1.
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Figure 9: Runaways type I: We have zoomed in the lower part of the condition number plot (compare with Fig. 17). These
eigenvalues, labeled 78, 79, 80, 81, act more normal (well-conditioned) than the unperturbed counter part whose condition
numbers are about 3000. The condition numbers for 78, 79 and 80 are very similar in value (overlapping dots).
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Figure 10: Real-valued Runaways for T + σAjj. If j is even one of the eigenvalues gets pushed into the spectrum by the rest.
4. In traditional quantum mechanics one works with Hermitian matrices and
E`2 = ∑
j 6=`
〈ψ`| V |ψj0〉〈ψj| V |ψ`0〉
E`0 − Ej0
= ∑
j 6=`
|〈ψ`0| V |ψj0〉|2
E`0 − Ej0
,
where because hermitian matrices are normal 〈ψ˜| = |ψ〉† = 〈ψ| as well as 〈ψ`| V |ψj0〉 = 〈ψj| V |ψ`0〉. A
repulsion of eigenvalues is evident with a strength proportional to the inverse of the distance.
In the right part of Fig. 9 we explicitly show the condition number corresponding to normal eigenvalues
labeled 78 79, 80, 81; one sees that the perturbation makes these eigenvalues more well-conditioned. It is possible
that the attraction of distant complex conjugate pairs to be strong despite the denominator in Eq. (31) being
large. This can result when the eigenvalue is ill-conditioned; i.e., it has a large condition number because
∥∥〈ψ˜`|∥∥2
becomes large.
Remark 9. In addition to the runaway type I eigenvalues of the Toeplitz matrix herein, the eigenvalue attraction
in its general form was shown to account for the formation of the "wings" seen in the Hatano-Nelson model [39].
For the discovery and earlier discussions of the real eigenvalues of Hatano-Nelson model see [1, 12, 40].
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2. Runaways type II
The lack of stability and high sensitivity of an eigenvalue to perturbations suggests that the eigenvalue is
ill-conditioned. Are there scalar measure of non-normality? Embree and Trefethen [1] give an overview of such
measures. Here we quote what is useful to this work. Let M be any diagonalizable matrix, i.e., M = W−1ΛW,
where Λ is the diagonal matrix of the eigenvalues and W is the matrix of eigenvectors. A measure of non-
normality is the condition number of a matrix κ (W) = ‖W‖2
∥∥W−1∥∥2. If M is normal κ (W) = 1 with the right
choice of W, while it can be arbitrary large for near-defective matrices.
In the problem at hand, we have realized that the eigenvalues have a rich behavior (see Figs. 10 and 8) some
of which seem to be relatively stable against perturbations (bulk eigenvalues), others attract and move to the real
line and become very stable thereafter, i.e., nearly normal (Runaways type I). There are some that act differently
and fall into the category of ill-conditioned, which we denote by Runaways type II.
In Fig. 5, some of the eigenvalues leave the bulk and move into the complex plane (inward motion). As stated
above the motion of eigenvalues is continuous; what happens is that Runaways type II’s move faster than the
ones belonging to the bulk (those tracing an approximate ellipse).
We need a more refined definition applicable to an individual eigenvalue to quantify ill-conditioning. For any
simple eigenvalue, E`0, one defines its condition number by [1, Sec. 52]
κ
(
E`0
)
=
∥∥〈ψ˜`0|∥∥ ∥∥|ψ`0〉∥∥
|〈ψ˜`0|ψ`0〉|
=
1∣∣cos θ`0∣∣ , (32)
where θ`0 is the angle between the right and left eigenvectors corresponding to the `
th eigenvalue and we used
orthonormality of right and left eigenvectors and unity of the norm of |ψ`0〉 . By Cauchy-Schwarz κ
(
E`0
) ≥ 1. In
contrast eigenvalues for which κ
(
E`
) 1 are called ill-conditioned eigenvalues.
Let us consider the following simple model
T (σ) = T + σAjk, (33)
where Ajk is a rank-1 matrix that has a one in the j, k entry and zeros everywhere else; mathematically Ajk ≡
eje∗k = |ej〉〈ek|. The eigenvalues of T(σ) are the zeros of
det(T + σAjk − λI) = det(T − λI)det
(
I+ σ
Ajk
T − λI
)
,
because after a perturbation generically λ /∈ spec(T), and it must be that det(I+ σ AjkT−λI ) = 0. Suppose |u〉 is the
eigenvector corresponding to a zero eigenvalue, then
(I+ σ
Ajk
T − λI )|u〉 = |u〉+ σ〈ek|
1
T − λI |u〉|ej〉.
But 〈ek| 1T−λI |u〉 is just a number, and it must be that |u〉 ∝ |ej〉, so we use |u〉 = |ej〉 as the eigenvector to get
|ej〉+ σ〈ek| 1T − λI |ej〉|ej〉 = 0.
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Therefore, 1+ σ〈ek| 1T−λI |ej〉 = 0 and we have that λ is the implicit solution of
〈ek| 1T − λI |ej〉 = −
1
σ
,
where T− λI is also a Toeplitz matrix. Let the matrix representation of the resolvent be R(λ) = 1/(T− λI), then
λ is found by solving
[R(λ)]kj ≡ 〈ek|R(λ)|ej〉 = −
1
σ
. (34)
Any further progress requires that we solve for the resolvent. Recall that we have the eigenvectors and eigen-
values of T and we can write T = U∗ΛW where W is the matrix of eigenvectors and U is the matrix of left
eigenvectors. We have 1T−λI = U
∗ 1
Λ−λIW
〈ψ˜k| 1
Λ− λI |ψ
j〉 = − 1
σ
(35)
where as before |ψj〉 is the jth eigenvector and 〈ψ˜k| is the kth left eigenvector. Moreover,
1
Λ− λI =

1
E0−λ
1
E1−λ
. . .
1
E(n−1)−λ
 =
n−1
∑
m=0
|em〉〈em|
Em − λ .
Using the above expression for left and right eigenvectors, we seek λ that solves
n−1
∑
m=0
1
Em − λ 〈ψ˜
k|em〉〈em|ψj〉 =
n−1
∑
m=0
ψ˜m
k
ψ
j
m
Em − λ = −
1
σ
. (36)
The solution with respect to λ of the foregoing equation is implicit and predicts where the eigenvalues are as a
function of σ and Ajk. Even though we have the analytical expression for the eigenvectors, the solution of the
above equation for λ is in general hard to obtain.
Consider the following simple special case
T (σ) = T + σAjj . (37)
This is the simplest and an insightful deformation of T. We have empirically discovered many features of this
simple deformation that we do not have proofs for. In particular, upon examining the perturbation corrections
(e.g., see Fig. 11), we are lead to the following conjecture:
Conjecture 1. The number of Runaways type II’s in T(σ) = T + σAjj, is equal to the winding number of the first order
perturbation correction about any point in the interior of the convex hull of the first order corrections.
This conjecture is illustrated in Fig. 11, where examining the winding number about an interior point of the
first and second order perturbation corrections suggest that the number of Runaways type II’s are in a one to one
correspondence. We hope that in the future this connection becomes clearer.
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Figure 11: Illustration of Conjecture 1. First and second order perturbation corrections for rank-one perturbation of the
Toeplitz matrix T (Eq. (6)) of size n = 160 with α = 1/3 and β = −1/2.
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Figure 12: Illustration of Conjecture 2: Eigenvalues and Condition numbers for T + σAjj with j odd, where T is the n = 160
Toeplitz matrix as before.
For all j the complex conjugate. attraction forces the pair with the smallest imaginary parts to collide on the
real line and become real. However, only when j is even does one of them move substantially farther into the
spectrum (i.e., to the left). We show this behavior in Figs. 12 and 13 and we find that, when j is even, the first
and second order corrections in perturbation theory are comparable in value, i.e., |E2/E1| ≈ 1. Whereas, when j
is odd, |E2/E1| < 1 and is especially small for smaller j’s. We are lead to the following conjecture:
Conjecture 2. The number of Runaways in T(σ) = T + σAjj is exactly j for 1 ≤ j < n/2. By the Toeplitz symmetry the
number of Runaways in T(σ) = T + σA(n−j+1),(n−j+1) is exactly j as well for 1 ≤ j < n/2.
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Figure 13: Illustration of Conjecture 2: Eigenvalues and Condition numbers for T + σAjj with j even, where T is the n = 160
Toeplitz matrix as before.
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Figure 14: We take j = 5. Left: . Left: Motion of eigenvalues between two runaways with a domain wall in between.
Middle: We zoom into the spectrum to show a type II runaway. Right: We show the location of the behavior near a domain
wall.
The behavior of type II runaway eigenvalues as a function of j is quite interesting. We observe exactly j type
II Runaways moving into the spectrum. Moreover, they all have very large condition numbers. We show these
eigenvalues of T(σ) and the condition numbers of the corresponding eigenvalues in Figs. 12 and 13.
Eigenvalues that have nearly zero imaginary velocities serve as kind of domain walls. For example, to the left
(right) of a given domain wall the eigenvalues have positive (negative) imaginary parts. The switching of the
imaginary component implies that there must be a place between domain walls where the imaginary downward
velocity is maximum. We observe that those are the places where type II eigenvalues are born. The second order
corrections also show increasing winding with increasing j. We show examples of these in Fig. 14.
We now examine Eq. (34) more closely. This equation implies that the runaways correspond to the k, j entry
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Figure 15: The curves on which R(λ)jj, as given in Eq. (34), is real. σ→ ∞ is shown in blue circles.
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Figure 16: Illustration of Conjecture 3: the eigenvalues of T (Eq. (6)) are shown in magenta and eigenvalues of T(σ) result
from rank-1 perturbations of row or columns of T.
of the resolvent being real R(λ)kj ∈ R. This follows from varying σ from −∞ to +∞. Above we took σ ≥ 0; in
Fig. 15 we show the eigenvalues of T(σ) = T + σAjj and T(σ) = T− σAjj for j = {3, 4, 5} and σ ∈ [0,+20]. Blue
circles are the eigenvalues in the limit σ → ∞, where R(λ)jj → 0. Please compare these plots with with Figs. 12
and 13.
Conjecture 3. The number of Runaways in T(σ) = T + σA1k is k − 1 all of which move inwards and the number of
Runaways in T(σ) = T + σAj1 is j all of which move outwards.
We illustrate this conjecture in Figure 16. We comment that to see this for larger values of k and j one needs
to run the simulation for longer times (i.e., larger σ).
The pattern for general j 6= k is more complex and there will be some eigenvalues that move outwards and
some inwards. We leave a thorough investigation of general rank−1 perturbation for future work.
The Runaways type II, relative to the pure Toeplitz case σ = 0, have very large condition numbers. Conse-
quently they move substantially relative to the bulk and exhibit non-perturbative behavior.
Conjecture 4. For j even, the matrix T(σ) = T + σAjj is defective when Runaways type I eigenvalues collide (eigenvalue
become degenerate). When j is odd or when T(σ) = T+ σV, the matrix has the same geometric multiplicity as the algebraic
multiplicity at the moment of collision.
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Figure 17: Runaways type II– Left: Labeled eigenvalues in the complex plane. Right: the corresponding condition numbers
(note that the vertical axis is in logarithmic scale).
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Figure 18: Condition number of the matrix ordered by the real part of p as a function of σ = [0, 0.01, · · · , 0.15]. The magenta
corresponds to the condition numbers of the unperturbed matrix and we use grey scale to show how the condition number
changes by increasing σ. The black dots show the condition numbers with largest σ.
Recall that Eqs. (23) and (24) are the eigenvalue equations T (σ) = T + σV.
The perturbation expansion of eigenpairs is given by Eqs. (25) and (26). Multiplying |ψ`σ〉 in Eq. (26) on the
left by the right eigenvector 〈ψ˜`0| we get
E` (σ) 〈ψ˜`0|ψ`σ〉 = 〈ψ˜`0|T|ψ`σ〉+ σ〈ψ˜`0|V|ψ`σ〉 = E`0〈ψ˜`0|ψ`σ〉+ σ〈ψ˜`0|V|ψ`σ〉,
since corrections to eigenvectors in Eq. (26) are all orthogonal to 〈ψ˜0|, we have 〈ψ˜`0|ψ`σ〉 = 〈ψ˜`0|ψ`0〉. Thus the
perturbation σV displaces the eigenvalue E` (σ) by
E` (σ)− E`0 =
σ〈ψ˜`0|V|ψ`σ〉
〈ψ˜`0|ψ`0〉
≤ |σ| ‖V‖
∥∥〈ψ˜`0|∥∥ ∥∥|ψ`σ〉∥∥
|〈ψ˜`0|ψ`0〉|
≤ |σ| ‖V‖
∥∥〈ψ˜`0|∥∥
|〈ψ˜`0|ψ`0〉|
≡ |σ| ‖V‖ κ
(
E`0
)
, (38)
where κ
(
E`0
)
is the condition number of
(
E`0
)
.
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Figure 19: Comparing the exact condition numbers (left) and condition numbers calculated from perturbation theory (right).
In both cases we take σ = 0.05  1 to show the predictive power of first order perturbation theory for type II runaways
before non-perturbative behavior become visually evident.
In order to theoretically predict the type II runaway eigenvalues, we use σ  1 and first order perturbation
theory on eigenstates to calculate the condition number and compare it with the exact result. Let the first order
approximation to the state be |ψ`pert〉 ≡ |ψ`0〉 + σ |ψ`1〉 (the subscript pert denotes perturbation theory), which
reads
|ψ`pert〉 = |ψ`0〉+ σ∑
j 6=`
〈ψ˜j0|V|ψ`0〉
E`0 − Ej0
|ψj0〉+O
(
σ2 ‖V‖2
)
〈ψ˜`pert| = 〈ψ˜`0|+ σ∑
j 6=`
〈ψ˜`0|V|ψj0〉
E`0 − Ej0
〈ψ˜j0|+O
(
σ2 ‖V‖2
)
Using these we calculated
1
| cos θ`σ|
=
∥∥∥〈ψ˜`σ|∥∥∥ Exact
1
| cos θ`pert|
=
∥∥∥〈ψ˜`pert|∥∥∥ Perturbation theory
In Fig. 19 one can see that first order perturbation theory very accurately predicts runaway type II eigenvalues
(i.e., ill conditioned). See Fig. 18 to see how the condition number changes with σ.
Looking at Eq. (31), we see that the eigenvalues must move into the bulk as the complex conjugates attract
strongly. However, here the strength of attraction is due to large ||〈ψ˜`pert| || appearing in the numerator. Therefore,
ill-conditioning, combined with the attraction result above predicts the runaways type II behavior.
Remark. The runaway type II are nonperturbative, i.e., cannot be captured by perturbation theory as shown
above. However, the onset of non-perturbative behavior can be predicted using first order perturbation theory.
We showed this by using very small σ (σ = 0.05 in Fig. 19), and predicted the exponential growth of the condition
number for such eigenvalues.
30
3. Eigenvalues from Free Probability Theory
In this section we show that modern free probability theory is a successful tool in approximating the eigen-
value distribution or density of states (DOS). Free probability theory (FPT) is tailored for capturing the DOS of
the sum of matrices that are in generic positions [41].
In standard (i.e., classical) probability theory, DOS of the sum of random variables is the convolution of their
individually known distributions. The notion is extended to commuting matrices, where there exists a basis that
simultaneously diagonalizes the matrices. The joint density is obtained by a convolution of individual densities.
Suppose we are interested in the eigenvalue distribution of A + B and that A and B are matrices with known
eigenvalue distributions ρA and ρB. If the matrices commute [A, B] = 0, then we can work in a basis where both
matrices are diagonal and
ρA+B = ρA ? ρB
where we denote the convolution by ?. The requirement of simultaneously diagonalizability is very stringent for
matrices, especially when they are random. Generic matrices are in a sense the extreme opposite of commuting
matrices. However, a modern notion of free convolution has been developed that allows one to compute the DOS
of the sum of random matrices.
FPT provides the exact distribution of the sum when the size of the matrices go to infinity and when they
are fully generic. That is, if we find a basis that diagonalizes A, then the eigenvectors of B in that basis have a
Haar measure over the symmetric group (see [42] for more details). The DOS of the sum is given by their free
convolution [41]
ρA+B = ρA  ρB,
where we denote the free convolution by .
At the first sight, it may seem like the requirement of genericity is also very stringent and that we are left
with another very special point like the commuting case where classical probability theory applies. However,
we have come to realize that the DOS of disordered systems are often well captured by either FPT [43] or, in
more complicated settings, by a one-parameter linear combination of the classical and free probability theory
[42, 44]. This provides an exciting new opportunity for scientists to make quantitative progress in understanding
the DOS of interesting disordered physical systems.
Previously we established that the density of states of the Anderson model [32] is well described by FPT [43].
We could prove that if one writes the Hamiltonian as a sum of its hopping part plus the diagonal random matrix
with gaussian entries, then the two are provably free up to their first 8 moments.
The Toeplitz problem is also translationally invariant yet is markedly different as the matrix is not normal and
perturbations can cause drastic changes in the spectrum landscape. In this section we show that free probability
theory nevertheless captures the eigenvalue distribution. We like to capture the eigenvalue distribution of T+σV
to high accuracy from the knowledge of eigenvalue of T and distribution of V alone. Since T has n simple
eigenvalues, it is not defective and has an eigenvalue decomposition
T = Q−1T ΛTQT
31
0
0.1
0.2
0.3
0.4
0.5
−1
0
1
2
3
10−6
10−4
10−2
100
102
σ
n = 256
Re(El): free and exact
D
e n
s i
t y
 o
f  s
t a
t e
s
0
0.1
0.2
0.3
0.4
0.5
−1
0
1
2
3
10−6
10−4
10−2
100
102
σ
n = 256
Re(El): classical and exact
D
e n
s i
t y
 o
f  s
t a
t e
s
0
0.1
0.2
0.3
0.4
0.5
−1
−0.5
0
0.5
1
10−6
10−4
10−2
100
102
σ
n = 256
Im(El): free and exact
D
e n
s i
t y
 o
f  s
t a
t e
s
0
0.1
0.2
0.3
0.4
0.5
−1
−0.5
0
0.5
1
10−6
10−4
10−2
100
102
σ
n = 256
Im(El): classical and exact
D
e n
s i
t y
 o
f  s
t a
t e
s
Figure 20: The actual eigenvalue DOS (based on E`σ) are shown in black dots. The red curves are the free approximation
Q−1ΛTQ + σV, where Q is a Haar matrix. The horizontal axes are the eigenvalues.
where ΛT is the diagonal matrix of the eigenvalues of the Toeplitz matrix and QT the matrix of its eigenvectors.
The exact problem, T (σ), whose DOS we seek can be written as
T + σV = Q−1T ΛTQT + σV.
There are two noteworthy deformations of the exact problem, namely the free and classical approximations
Q−1T ΛTQT + σV exact
Q−1ΛTQ + σV free approximation
Π−1ΛTΠ+ σV classical approximation
where Q is an n× n random Haar orthogonal matrix, Π is an n× n random permutation matrix. In other words,
V has eigenvectors that are equal to the standard basis, but Q is fully random with respect to this structure.
For any realization of V, in the free approximation, T has equal probability of having any set of eigenvectors,
represented by a point, Haar distributed, on the symmetric group.
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In Fig. 20, we compare the results of exact diagonalization of T (σ)with classical and free approximation. Note
that the vertical axis is log-scaled. One can see that the real part of the eigenvalues is much better captured by
FPT, whereas the classical fails starting from moderately small σ and gets worst with increasing σ. In particular,
the classical approximation of the Re
(
E`
)
does not reach the top of the eigenvalue atom at zero.
Interestingly enough the imaginary part of the eigenvalues is well captured by both methods for small σ;
however as σ increases the FPT captures the spectrum adequately but classical approximation becomes inaccu-
rate.
Comment: FPT does not require V to be small; it is a non-perturbative technique for adding matrices. An
important take away message is that the relative structure of the eigenvectors of the two pieces, i.e., T and V, is
unimportant. Namely, one can assume that one has no particular structure relative to the other.
IV. EIGENVECTORS IN PRESENCE OF DISORDER σ > 0
A. Localization: Entropies and Inverse Participation Ratios (IPR) of the states
Since Anderson’s seminal work [32], the study of localization of states of physical models such as metal insu-
lator transitions [45], have been central in condensed matter theory. In the Hatano-Nelson model, the eigenstates
belonging to the “wings” of the spectrum [1, 12, Section 31] are known to be localized. Here we quantify the
localization of the states corresponding to the three class of eigenvalues discussed above, i.e., bulk, type I and
type II runaways and find some surprising new features.
We use two methods of quantification of localization. First is entropy, which is borrowed from information
theory and the second is inverse participation ratio (IPR) which is a technique in condensed matter and statistical
physics.
Since (right) eigenvectors are all normalized we have ∑j |ψ`j |2 = 1 for all `. We can formally consider{|ψ`1|2, |ψ`2|2, · · · , |ψ`n|2} as a discrete probability distribution of size n where the probabilities are |ψ`j |2. A mea-
sure of uniformity versus locality of the eigenstate is the Shannon entropy [46]
H{|ψ`|2} = −
n
∑
j=1
|ψ`j |2 log2 |ψ`j |2 bits. (39)
Comment: Entropy of any given wave-function is an increasing function of delocalization– it is maximum for
most extended states and zero for a delta function.
Secondly, since ∑j |ψ`j |2 = 1, one can use the fourth power to quantify localization. To this end we define the
Inverse Participation Ratio (IPR) of an eigenstate by
IPR
(
ψ`
)
=
n
∑
j=1
|ψ`j |4. (40)
Comment: In contrast with the entropy IPR attains its maximum value for the most localized and minimum
for the least localized states. To see this, suppose that a state is localized on the site k, then |ψ`j |2 = δjk. Whereas
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Figure 21: The localization of states: the horizontal axis is in one-to-one correspondence with the labeling of the eigenvalues
according to Re(p`). Left: Minus the entropy function given by Eq. (39), i.e., −H. Right: IPR as given by Eq. (40).
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Figure 22: Localization behavior of eigenvectors: Semi-log plot of the three different types of eigenvectors corresponding
to eigenvalues shown in Fig. 9 and 17. Taking archetypical examples to illustrate; 64 is a runaway type II, 52 is a bulk and
80 a runaway type I states.
for a state that has a uniform spread over all sites |ψ`j |2 = 1n for all j. Therefore,
IPR
(
ψ`
)
=
n
∑
j=1
δj,k = 1 most localized
IPR
(
ψ`
)
=
n
∑
j=1
1
n2
=
1
n
most delocalized,
the latter in the thermodynamical limit, n→ ∞, vanishes.
In Fig. 21 we plot the IPR and, to put it on par with IPR, the negative of the entropy vs. the ` = 1, . . . , n.
The eigenvectors are indexed by the real part of p discussed above and the numbering is in one to one corre-
spondence with the eigenvalues and condition numbers in the previous plots. As seen in Fig. 21, the unperturbed
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Figure 23: Numerical observations. Left: Bulk eigenvectors show exponential decay from the boundary (semi-log). Middle:
Type I runaways are most delocalized and have an algebraic decay from an interior point (linear plot). Right: Type II
runaways are most localized (semi-log) and show an exponential decay from the boundary (semi-log).
matrix T has eigenvectors that are most localized for eigenvalues near the real axis and on the right hand side of
the spectrum (see Figs. 22 and 5), where 0  `  n− 1. On the other hand, the eigenvalues near the real axis
but on the left correspond to values of ` near 0 and n− 1. We find that they are more delocalized in comparison.
Previously, it was shown that the entries of the eigenvectors in for 0  `  n − 1 have an exponentially
decaying entries with the maximum at i = 0 [34]. The eigenvectors of T(σ) = T + σV are, as expected, simple
deformations of the unperturbed eigenvectors. They exponentially decay and show a similar trend to σ = 0
counterparts (Fig. 23, on the left).
For the perturbed matrix T(σ) we find that what used to be the most localized states become the most de-
localized, i.e., the eigenvectors corresponding to runaway type I eigenvalues have algebraic decays (Fig. 23, in
the middle), yet the unperturbed part is more localized than the others. Moreover, they have their maxima at an
interior point, i.e., ψ`i is maximum for an i that is 0 i n− 1.
This is surprising when one thinks of the Anderson model, where the eigenvalues are all real and disorder
inevitably causes localization. The tendency for the disordered Fisher-Hartwig Toeplitz matrix is reversed in
that respect. Namely, the eigenvalues that are near the real line and end up real as a result of attraction, have
eigenvectors that are less localized than the corresponding unperturbed eigenvectors.
These eigenmodes resemble those of twisted Toeplitz matrices [1], though the setting is different.
Most notable are runaway type II, which because of perturbation, show significantly higher localization in
comparison to the unperturbed states (Figs. 22, and 23 on the right).
Lastly the very localized eigenvectors near ` = 0 and ` = n remain localized and do not exhibit large varia-
tions in response to perturbations; for these IPR and −H show a small discrepancy in quantifying localization.
B. Connections between eigenvalues and eigenvectors
In the same vein as the eigenvalues, one wants to classify the eigenvectors of T by their localization behavior
in response to the diagonal perturbation. We find that entropy and IPR are agreeable measures of localization of
the eigenvalues of the disordered matrix T(σ). This is summarized in Fig. 24.
Interestingly, the condition number analysis not only predicts the various runaway behavior, it is in one to
one correspondence with the localization measures. The ill conditioned eigenvalues end up having eigenvectors
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Figure 24: Here we show the close connection between localization index and the condition number of T (σ). The runaway
types I and II correspond to the most delocalized and localized states respectively (compare with the figure on the right in
Fig. 17).
that are very localized. Whereas, the runaway type I eigenvalues that tend to act more like a normal eigenvalue
(well conditioned) in response to perturbation become more delocalized. Lastly, the remaining eigenvalues and
eigenvectors are well captured by second order perturbation theory. This is summarized in the table appearing
in Subsection I D.
V. SUMMARY AND FUTURE WORK
In this work we analyzed the eigenvalues and eigenvectors of T + σV, where T is an n× n Toeplitz matrix
generated by a Fisher-Hartwig singular symbol, V is a diagonal random perturbation and σ is a real positive
parameter quantifying the strength of the perturbation. For σ = 0, based on the Wiener-Hopf factorization tech-
nique we showed that the eigenvalues, for sufficiently large n, are E` = a
(
e−ip`
)
where p`’s are the complexed
value “momenta” that we analytically obtained in the asymptotic limit. The real part of p`’s are uniformly dis-
tributed in the interior of the spectrum and serve as a good index set of the complex-valued eigenpairs. The right
(left) eigenvectors are exponentially decaying from the left (right) boundary. In addition to solving for the left
eigenvectors, we worked out the trace, determinant and asymptotic form of the entries of T.
We have found a number of surprising features of the eigenpairs in response to diagonal perturbations (σ >
0). We find that there are three classes: 1. The bulk eigenvalues and eigenvectors that are well captured by second
order perturbation theory of non-hermitian matrices. The eigenvalues experience a compression (stretch) along
the imaginary (real) axis. The eigenvectors experience random deformations but their localization behavior is
similar to the unperturbed ones. 2. The runaway type I, which are the first class of non-perturbative eigenvalues.
We proved that they are caused by the attraction of complex conjugate pairs; the eigenvalues close to the real
axis attract most strongly till they collide and become real. Surprisingly, the corresponding eigenvectors become
less localized and show algebraic decays with their maxima in the interior, in contrast to the exponential decay
from the boundary of the unperturbed counterparts. 3. The runaway type II, which are the second class of non-
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perturbative eigenvalues, move rapidly and are predicted by their high condition numbers. The ill-conditioning
can be predicted from the first order perturbation theory for σ  1. The corresponding eigenvectors show
even stronger localization at the boundary as compared to the unperturbed counterparts. The localization was
computed using both the inverse participation ratio and the entropy. We found that the well- and ill-conditioning
of the eigenvalues was in a one to one correspondence with their less and more localization of the corresponding
eigenvectors respectively. Despite these new findings, there is much left to be investigated. Open problems and
future work include:
1. We suspect that much of the work herein is directly applicable to other Toeplitz matrices generated by
other symbols.
2. Recall that the eigenvalues attract but they stay with the bulk till they get close to the real line and then
the complex conjugate pairs collide and become real. A better understanding of the transition through
the degeneracy at the moment of collision is called for when before and after the collision the spectrum is
simple.
3. Proof of the observed eigenvector localizations of type I and II Runaways.
Acknowledgements– RM thanks Estelle Basor for discussions. The work was supported in part by the
Chicago MRSEC grant, NSF grant number 0820054. RM thanks the James Franck Institute at University of
Chicago and the Perimeter Institute in Canada for their hospitality during the summer of 2013. RM acknowl-
edges the support of the NSF-DMS grant number 1312831, AMS-Simons travel grant and thanks the Goldstine
Fellowship at IBM Research for the support and freedom.
∗ Electronic address: q.eigenman@gmail.com
[1] L. N. Trefethen and M. Embree, Spectra and Pseudospectra (Princeton University Press, 2005).
[2] D. R. Nelson, Annu. Rev. Biophys. 41, 371 (2012).
[3] Z. Lin, H. Ramezani, T. Eichelkraut, T. Kottos, H. Cao, and D. N. Christodoulides, Phys. Rev. Lett. 106, 213901 (2011).
[4] M. Fisher and Hartwig, Advances in Chemical Physics 15, 333 (1968).
[5] B.-Q.Jin and V.E.Korepin, Journal of Statistical Physics 116, 79 (2004).
[6] B. M. McCoy and T. T. Wu, The two dimensional Ising model (Harvard University Press, 1973).
[7] R. M. Gray, Toeplitz and Circulant Matrices: A review (Now Pub, 2006).
[8] D. A. Ivanov and A. G. Abanov, Journal of Physics A: Mathematical and Theoretical 46, 375005 (2013).
[9] J. Keating and F. Mezzadri, Commun. Math. Phys. 252, 543Ð579 (2004).
[10] L. P. Kadanoff, Nuovo Cimento B 44, 273 (1966).
[11] E. Montroll, R. Potts, and J. Ward, Journal of Mathematical Physics 4, 308 (1963).
[12] N. Hatano and D. R. Nelson, Physical Review B 56, 8651 (1997).
[13] J. Feinberg and A. Zee, Physical Review E 59, 6433 (1999).
[14] E. Brézin and A. Zee, Nuclear Physics B 509, 599 (1998).
[15] P. Brouwer, P. Silvestrov, and C. Beenakker, Physical Review B 56, 55 (1997).
[16] A. Connes, IHÉS Publ. Math. 62, 257 (1985).
37
[17] R. Douglas, S. Hurder, and J. Kaminker, Journal of Functional Analysis 101, 120 (1991).
[18] A. Boettcher and S. Grudsky, Spectral properties of banded Toeplitz matrices (SIAM, 2005).
[19] A. Boettcher, M. Embree, and V. I. Sokolov, Math. Comp. 72, 1329 (2003).
[20] G. Szegö, Funktion. Math. Ann. 76, 490 (1915).
[21] P. Forrester and N. Frankel, Journal of Mathematical Physics 45 (2004).
[22] H. Widom, Amer. J. Math. 94, 333 Ð 383 (1973).
[23] H. Widom, Operator Theory: Advances and Applications 71, 1 (1994).
[24] P. Deift, A. Its, and I. Krasovsky, Communications on Pure and Applied Mathematics 66, 1360 (2013).
[25] E. L. Basor and C. A. Tracy, Physica A: Statistical Mechanics and its Applications 177, 167 (1991).
[26] H. Widom, Pacific J. Math. 14, 365 Ð 375 (1964).
[27] A. Boettcher and B. Silbermann, Introduction to large truncated Toeplitz matrices (Springer-Verlag, 1999).
[28] T. Ehrhardt and B. Silbermann, Journal of Functional Analysis 148, 229 (1997).
[29] J. Eisert, M. Cramer, and M. Plenio, Reviews of Modern Physics 82, 277 (2010).
[30] A. R. Its, B.-Q. Jin, and V. E. Korepin, Journal of Physics A: Mathematical and General 38, 2975 (2005).
[31] N. Ashcroft and N. D. Mermin, Solid State Physics (Cengage Learning, 1976).
[32] P. W. Anderson, Physical Review 109, 1492 (1958).
[33] M. Kac, Arkiv for Det Fysiske Seminar I, Trondheim , 1 (1968).
[34] H. Dai, Z. Geary, and L. P. Kadanoff, Journal of Statistical Mechanics , 05012 (2009).
[35] L. P. Kadanoff, Papers in Physics 2 (2010), arXiv:0906.0760 [math-ph] .
[36] S. Lee, H. Dai, and E. Bettelheim, (2007), arXiv:0708.3124 [math-ph] .
[37] E. Barnes, Quarterly Journ. Pure and Appl. Math. 31, 264 (1900).
[38] G. Stewart and J.-G. Sun, Matrix Perturbation Theory, 1st ed. (Academic Press, 1990).
[39] R. Movassagh, Journal of Statistical Physics 162, 615 (2016).
[40] L. N. Trefethen, M. Contedini, and M. Embree, (2000).
[41] A. Nica and R. Speicher, Lectures on the Combinatorics of Free Probability (Cambridge University Press, 2006).
[42] R. Movassagh and A. Edelman, (2010), arXiv:1012.5039 [quant-ph] .
[43] J. Chen, E. Hontz, J. Moix, M. Welborn, T. V. Voorhis, A. Suárez, R. Movassagh, and A. Edelman, Phys. Rev. Lett. 109,
036403 (2012).
[44] R. Movassagh and A. Edelman, Phys. Rev. Lett. 107, 097205 (2010).
[45] N. F. Mott, Philosophical Magazine 160, 835 (1969).
[46] T. M. Cover and J. A. Thomas, Elements of Information Theory (Wiley-Interscience, 1991).
